Employing non-equilibrium quantum transport models, we investigate the details and operating conditions of nano-structured Peltier coolers embedded with an energy filtering barrier. Our investigations point out non-trivial aspects of Peltier cooling which include an inevitable trade-off between the cooling power and the coefficient of performance, the coefficient of performance being high at a low voltage bias and subsequently deteriorating with increasing voltage bias. We point out that there is an optimum energy barrier height for nanowire Peltier coolers at which the cooling performance is optimized. However, for bulk Peltier coolers, the cooling performance is enhanced with the height of the energy filtering barrier. Exploring further, we point out that a degradation in cooling performance with respect to bulk is inevitable as a single moded nanowire transitions to a multi-moded one. The results discussed here can provide theoretical insights for optimal design of nano Peltier coolers.
I. INTRODUCTION
In the current nanotechnology era, the rise in operating temperatures of nanodevices as a result of increasing dissipated heat density has revived an interest in effective heat management and Peltier coolering. With the recent discovery of thermoelectric materials with high figures of merit [1] [2] [3] [4] [5] , there has been a lot of theoretical and experimental effort in an attempt to meet the demand for high performance Peltier coolers [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Peltier cooling is facilitated by an energy selective disturbance in quasiequilibrium among the electronic population via energy filtering. Such a disturabance in quasi-equilibrium, in conjugation with inelastic processes, initiates heat absorption from the lattice [6, 8, 11, 12, [15] [16] [17] [18] [19] . Despite attempts towards the theoretical and experimental realization of high performance Peltier coolers [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , an overall analysis of the functionality and optimum operating conditions of nano Peltier coolers is missing in the current literature. In this paper, we hence study the performance of various nanoscale Peltier coolers in order to analyze the optimum operating conditions.
There are two major pathways to facilitate an overall performance improvement in Peltier coolers: (i) decreasing the lattice heat conductivity (ii) enhancing the cooling power via suitable energy filtering techniques. In the last few decades, approaches towards nano-structuring, hetero-structuring and density of states engineering have so far proven successful in the suppression of phonon mediated lattice thermal conductivity via scattering and confinement of long wavelength phonons [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . Hence, in this paper, we explore the other aspect, that is, enhancing the cooling power in nanostructures. In particular, we explore Peltier cooling in nanostructures embed-ded with an energy filtering barrier.
In the aspect of Peltier cooling, we believe that a few points deserve special attention. First of all, the few recent theoretical works [6-8, 12, 32] in this aspect are based on a linear response analysis. Linear response analysis masks the essential combination of transport physics and scattering events that jointly determine the net cooling power as well as the coefficient of performance (COP ). In addition, the linear response limit is broken in the regions which strongly deviate from quasi equilibrium, namely in the vicinity of the energy filtering barrier. Secondly, a generalized picture of the physics of cooling performance is unclear from the available literature. With respect to the first point, our analysis of cooling performance is based on the non-equilibrium Green's function formalism which accounts for the nonequilibrium nature of transport to directly evaluate the charge and heat currents. This paper is organized as follows. First, we briefly elaborate the underlying physics of Peltier cooling in Sec. II following which we briefly describe the transport formulation in Sec. III. We next elaborate our study on Peltier cooling in nanostructures in Sec. IV where we mainly analyze the cooling power and the COP at a chosen cooling power. We show that the cooling power increases while the COP decreases as one increases the applied bias voltage depicting a trade-off between the the two. Exploring further, we demonstrate that a deterioration in cooling performance with respect to bulk is unavoidable as a single-moded nanowire transitions to a multi-moded regime. We end the paper with a general conclusion in Sec. V. The transport formalism used for the simulations is detailed in the Appendix at the end of this paper. 
II. PELTIER COOLING IN SEMICONDUCTOR HETEROSTRUCTURES
Thermoelectric or Peltier cooling in semiconductor heterostructures is facilitated by giving rise to an energy selective lack of quasi-equilibrium among the electronic population via energy filtering. In the classical limit, when a potential is applied across the barrier, electrons above the energy barrier height E b tend to migrate from the source contact to the drain contact giving rise to a local non-equilibrium among the high energy electronic population. The electronic population below the energy barrier height E b , however, remains in quasi-equilibrium with the respective contacts. This energy-selective lack of quasi-equilibrium initiates a heat absorption process from the lattice via inelastic scattering. In the case of a Peltier refrigerator embedded between macroscopic contacts, two equivalent phenomena give rise to cooling and heating at the two interfaces of the energy filtering barrier as demonstrated in Fig. 1 (a) . (i) The high energy electrons at the source side of the barrier interface are driven out of equilibrium initiating heat absorption in that region. (ii) The high energy electrons migrating towards the drain side are out of equilibrium with the drain quasi-Fermi potential due to the external voltage bias (µ D = µ S − V ). Hence, the electrons energetically relax giving up heat energy to the lattice. The efficacy of a Peltier refrigerator is measured by the COP (ζ) defined as:
where, J C is the rate of electronic heat extraction from the source side of the barrier interface, or equivalently, the rate of Peltier cooling and P is the power consumed from the external source given by,
V being the applied bias and I being the current flowing through the Peltier refrigerator. The rate of heat extracted from the source side of the barrier interface (J C ) as well as the the COP (ζ), depend on the position of the equilibrium Fermi potential (µ 0 ) or equivalently, the electrochemical potential with respect to the height of the energy filtering barrier.
III. TRANSPORT FORMULATION AND MODEL

A. Transport formulation
To perform the calculations, we employ the NEGF transport formalism with inelastic scattering incorporated via the self-consistent Born approximation [33] [34] [35] (details given in the Appendix). The single particle Green's function G( − → k m , E), for each transverse sub-band m [33] , can be calculated from the device Hamiltonian [H]:
where [H] is the device Hamiltonian matrix constructed with effective mass approach [33, 34] and I is the identity matrix of identical order as the Hamiltonian. The spatial profile of the conduction band minimum is described by the matrix U , while E is the free variable representing the energy of electronic wavefunction. The sub-band energy of the m th sub-band is calculated assuming parabolic E − k dispersion relation:
The wavevector of the electron in the transverse direction for the m th sub-band is denoted by − → k m . The total scattering self-energy matrix [Σ( − → k m , E)] incorporates the effect of scattering of the electronic wavefunctions from the contacts into the active device region, which is represented by
as well as the scattering of electronic wavefunctions inside the device due to inelastic processes, which is denoted by Σ S ( − → k m , E) (detailed in the Appendix). The scattering functions are calculated self-consistently with the transport calculations, (detailed in the Appendix), with the electron and the hole density operators
On the convergence of the self-consistent calculations, the charge and heat currents propagating from the j th lattice point to the (j + 1)
th lattice point are computed as:
where M i,j , in the above set of equations, denotes a generic matrix element of the operator M between two lattice points i and j. In the nearest neighbour tightbinding approximation used here, we only consider the next nearest neighbor such that j = i ± 1. The cooling power per unit volume (
at the j th point along the transport direction is then calculated from the equation:
a being the lattice constant used for simulation and A is the cross-sectional area of the Peltier refrigerator. The total cooling power per unit area at the source side of the barrier interface is the given by:
where θ(ι) is the unit step function with argument ι.
B. Model
We perform a detailed analysis of Peltier cooling in nano-wires and bulk. The device structures considered here include nanowires whose transverse extent include only one sub-band and bulk whose transverse extent is infinite (schematic shown in Fig. 1 (b) and (c) respectively). We analyze the cooling power vs. COP for a range of values of the reduced Fermi energy given by:
where µ is the equilibrium Fermi potential and E b is the height of the energy barrier. For the purpose of simulation, we use the parameters of ∆ 2 valley of lightly doped silicon [36] , the longitudinal effective mass being m l = m e and the transverse effective mass being m t = 0.2m e (m e being the free electron mass). The inelastic processes considered here are assumed to be local with an energy exchange given by ω = 30meV . The temperature of the entire device is considered to be T = 300K. Under normal conditions, the device region at the source side of the barrier interface would be cooled while the same in close proximity to the drain side of the barrier interface would be heated. However, we assume that the difference between the maximum and the minimum temperature in the Peltier refrigerator is small compared to the average temperature and hence an assumption of constant temperature throughout the entire device is justified. For simplicity, the contacts are assumed to be reflection-less macroscopic bodies with electronic distribution in equilibrium at temperature T . Their respective quasi-Fermi potential, labeled as µ S and µ D respectively, are assumed to be µ S(D) = µ 0 ±V /2, where V is the externally applied bias voltage. For the purpose of simulation, the devices are assumed to be embedded with a Gaussian potential barrier of the form:
where E b and σ w define the energy filtering barrier height and width respectively and z 0 = L/2 is the mid-point of the device, L being the total length of the refrigerator in between the contacts. Although a more rigorous method would be to solve the potential profile along the device using information on position dependent doping concentration and heterojunction band-offsets, we believe that our model captures the essential physics and hence, the trends noted in the simulation results would not deviate drastically with the shape of energy filtering barrier used for simulation. This is because Peltier cooling is dependent on the efficacy of electronic filtering as well as the rate inelastic scattering and not on the absolute nature of the energy filtering barrier being used. A list of parameters used for the simulation of the NEGF equations are given in Tab. I.
IV. RESULTS
Peltier cooling with inelastic scattering in nanowires: We first explore Peltier cooling in a singlemoded nanowire embedded with an energy filtering barrier. We plot in Fig. 2 the spatially resolved average energy of the electronic current flowing through the nanowire Peltier refrigerator at a low voltage bias. The average energy is high near the energy barrier interface due to the absorption of lattice heat energy. The spatial 
cooling profile of a nanowire Peltier refrigerator is shown in Fig. 3 . Particularly, Fig. 3 (a) and (b) demonstrate the spatial cooling profile (
) when the applied voltage biases are low and high respectively compared to k B T .
When the applied voltage V << k B T , the amount of heat extracted from the source side is almost identical to the amount of heat dissipated at the drain side of the barrier interface (Fig. 3 a) resulting a high COP . The operating point in such a case is near the reversible limit. However, the net cooling power under such conditions is low. On the other hand, when the applied bias is high compared to k B T , the heat extracted from the source side of the barrier interface is much less compared to the heat dissipated at the drain side of the barrier interface (Fig. 3 b) resulting in a strong deviation from the reversible regime. The COP in such a case is low. Fig.  4 demonstrates the cooling characteristics of a nanowire Peltier cooler.
In particular, Figs. 4 (a-d) depict the cooling power vs. applied bias characteristics while Figs. 4 (e-h) depict the cooling power vs. the COP characteristics for the nanowire cooler for various heights of the energy filtering barrier. We note that the maximum cooling power increases with an increase in the height of the energy barrier upto a saturation point. Such a saturation occurs approximately beyond E b = 150meV . The optimized COP at a given cooling power, on the other hand, is achieved when the height of the embedded energy filtering barrier is approximately 150meV . The optimum position of the Fermi energy in such a case is given by η f = 2. We hence conclude that there is a particular height of the energy filtering barrier at which the performance of the nanowire Peltier cooler is optimized.
Two competing phenomena can be responsible for such a behaviour as the energy barrier height is increased: (a) an increase in the charge current due to a decrease in the electronic scattering rate as a result of direct tunneling, and (b) a decrease in the rate of heat absorption per electron from the lattice due to the decrease in the scattering rate. These two competing phenomena result in a saturation of the cooling power beyond E b = 150meV . The slight decrease in the COP at a given cooling power with the increase in barrier height beyond E b = 150meV occurs due to a saturation in the cooling power despite an increase in the electronic current. We also note from Figs. 4 (e-h) that the COP decreases with an increase in cooling power indicating a trade-off between the two. The deterioration in cooling power with the increase in the applied potential bias beyond a certain limit occurs as a result of lowering of the energy filtering barrier due to the external bias voltage. Such a lowering of the potential barrier causes an increase in the direct electronic tunneling rate.
Operating lines: In the context of Peltier coolers, we define operating line as the locus of points in the J C − ζ space where the maximum ζ is obtained for a given cooling power. The operating line is important for practical applications where the design or operating considerations mainly aim to maximize ζ for a given value of J C . We plot in Figs. 5 (a) and (b) the maximum cooling power of nanowire and bulk Peltier coolers at a given voltage bias while Figs. 5 (c) and (d) demonstrate the operating lines of a nanowire and bulk Peltier cooler respectively for several heights of the energy filtering barrier. As stated previously, we note that the cooling power for nanowire Peltier coolers (Fig. 5 a) practically saturates beyond E b = 150 meV . The COP ζ at a given cooling power along the operating line of the nanowire rcooler (Fig. 5 c) , however, is optimized for E b = 150 meV . However, we note that the cooling power as well as ζ in bulk Peltier coolers increase with the increase in energy barrier heights (Fig. 5 b and d) . Such a trend occurs due to a monotonic increase in the density of states as well as inelastic scattering rates (assuming a parabolic dispersion relationship) with energy in the case of bulk Peltier coolers.
Nanowire to bulk transition in Peltier coolers: The cooling performance in the transition regime between single-moded nanowire and bulk Peltier coolers is of particular interest. Two quantities which may be used to gauge the performance of Peltier coolers are (i) the maximum cooling power density nanowire gradually transitions to the bulk regime. It is evident from Fig. 6 (a) that a single-moded nanowire provides an enhanced cooling performance compared to bulk due to greater conductance per unit area as well as efficient energy filtering due to the abrupt feature in the density of states (the Van Hove singularity). The variation in cooling performance as a single-moded nanowire transitions to the bulk regime is, however, of particular interest. The maximum cooling power density ( Figs. 6 (a) and (b) respectively, deteriorate compared to bulk as it transitions to the multi-moded regime and subsequently increases toward the bulk values as the multimoded nanowire gradually becomes equivalent to the bulk regime. For large cross-section, the separation between consecutive sub-bands in a nanowire becomes much less than k B T and the nanowire begins to exhibit bulk properties.
Such a behaviour in the maximum power density can be well explained from the modal density profile of a multi-moded nanowire compared to bulk, as shown in Fig. 7 . The enhanced cooling power in bulk coolers compared to multi-moded nanowire coolers is a result of higher density of modes in bulk. The degradation in ) and COP at the maximum cooling power density as a single-moded nanowire makes transition towards the bulk regime. similar argument since ζ is the ratio between two quantities that are themselves dependent on the modal density profile. However, we noted that the maximum cooling power in multimoded nanowires occurs at a higher bias voltage which, we speculate, leads to a degradation in the COP .
V. CONCLUSION
In this paper, we have analyzed the cooling performance in nanowire and bulk Peltier coolers. The two parameters we have focused on include the cooling power (J C ) and the COP (ζ). We have uncovered some crucial aspects in Peltier coolers which include: (i) there is a trade-off between the cooling power and the COP , (ii) there is an optimized energy barrier height in nanowires for which the cooling performance is optimized. For bulk coolers, on the other hand, the cooling power increases The density of modes per unit area in the multi-moded regime is less compared to the bulk regime resulting in a deterioration of the maximum cooling power.
as one increases the energy barrier height. (iii) The cooling performance in nanowires deteriorates compared to bulk as a single-moded nanowire transitions to a multimoded one. While exploring the cooling performance of the Peltier cooler, we have considered a parabolic dispersion relationship and assumed optical phonon scattering to be the dominant scattering mechanism. However, it remains to be explored how the theory is modified with different elastic and inelastic scattering mechanisms [5] and non-parabolic dispersion relations. In particular, it remains an interesting problem to formulate a compact parameter that can be used to speculate the cooling performance based on the energy dependence of the electronic density of states, relaxation time and electronic transport velocity. This paper, however, sets the stage for an exploration of Peltier cooling in nanostructures. We believe that the conclusions presented here would establish a general viewpoint to understand the basics of the design of Peltier coolers and their optimization. In case of dissipative transport in nano devices, the generalized equations for non-equilibrium Green's function formalism (NEGF) are given by [33] [34] [35] :
where H is the discretized Hamiltonian matrix constructed using the nearest neighbour tight-binding approximation in an effective mass approach, U denotes the modification in the conduction band minima due to the embedded energy barrier and Σ L(R) ( − → k m , E) and Σ S ( − → k m , E) describe the effect of coupling and scattering of the electronic wavefunction due to contacts and inelastic events (electron-phonon interaction) respectively. − → k m in the above set of Eqs. denotes the transverse wavevector of the m th sub-band. A( − → k m , E) is the 1 − D spectral function for the m th sub-band and Γ( − → k m , E) is the broadening matrix for the m th sub-band at energy E. For moderate electron-phonon interaction, it is generally assumed that the real part of Σ S = 0. Hence,
are the in-scattering and the out-scattering functions which model the rate of scattering of the electrons due to incoherence inside the device and external contacts.
The in-scattering and out-scattering functions are related to the contact quasi-Fermi distribution functions via the equations:
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where f L(R) represent the quasi-Fermi distribution of left(right) contact. For local scattering mechanisms, the rate of inelastic scattering of electrons is dependent on the electron and the hole correlation functions (G n and G p ) via:
In the above set of Eqs., N denotes the average phonon number given by: 
and ω o denotes the optical phonon energy, ω o being the optical phonon radial frequency. { − → q t } denotes the set of transverse phonon wave vectors. G n ( − → k m , E) and G p ( − → k m , E) are the electron and the hole correlation functions for the m th sub-band. The electron and the hole correlation functions are again related to the electron in-scattering and the electron out-scattering functions via the equations:
Solving the dynamics of the entire system involves a self consistent solution of (A1), (A3), (A5) and (A7). The electron density and current at the grid point j can be calculated from the above equations as:
where a is the distance between two adjacent grid points and A is the cross sectional area of the device. k m denotes the transverse momentum of the electrons in the m th sub-band. The summations in (A8) run over all the sub-bands available for conduction.
The heat current flowing through the device from the j th point to the (j + 1) th point is given by:
